We present two algorithms to calculate Φn(z), the n th cyclotomic polynomial. The first algorithm calculates Φn(z) by a series of polynomial divisions, optimized using the discrete Fourier transform. The second algorithm calculates Φn(z) as a quotient of sparse power series. These algorithms were used to calculate cyclotomic polynomials of large height and length. In particular we find cyclotomic polynomials Φn(z) of minimal order n whose height is greater than n, n 2 , n 3 , and n 4 , respectively.
Introduction
The n th cyclotomic polynomial, Φ n (z), is the monic polynomial whose φ(n) distinct roots are exactly the n th primitive roots of unity.
It is an irreducible polynomial in Z. We write Φ n (z) = φ(n) k=1 a n (k)z k ,
For n < 105, the coefficients of Φ n (z) are strictly −1, 0, or 1. Denote by A(n) and S(n) the height and length, respectively, of the n th cyclotomic polynomial. That is,
|a n (k)|.
Paul Erdos [5] proved that A(n) is not bounded above by any polynomial of n. There is a wealth of material on the behaviour of A(n) and the size of cyclotomic polynomial coefficients [3] , [2] , [10], [11] ; however, comparatively little work has gone into actually calculating these values. Koshiba calculated A(4849845) = 669606 [8] and found the coefficients of Φ n (z) with degree less than φ(n)/10 for n = 111546345 = 3 · 5 · 7 · 11 · 13 · 17 · 19 · 23 [9] . Bosma found the least value of k for which a occurs as a n (k) for some n, for |a| < 50 [4] . We present new results on A(n), S(n), and on the bounds of a n (k) for fixed k.
Organization of paper.
We present two algorithms to calculate cyclotomic polynomials. Our first algorithm calculates Φ n (z) for squarefree n via a series of polynomial divisions. We use the discrete Fourier transform to do these divisions quickly. The second algorithm calculates Φ n (z) as a quotient of sparse power series. Using these two algorithms, we have produced a wealth of data on the heights and lenghts of cyclotomic polynomials. Amongst our results, we have found:
• A(n) and S(n) for all n < 5 · 10
6
• the smallest values of n for which A(n) > n, n 2 and n 3 respectively
• an order n for which A(n) > n 4
• the smallest n such that A(n) > 2 64 (machine precision)
• A(n) and S(n) for squarefree n < 6 · 10 8 with six or more prime factors
• A(n) and S(n) for squarefree n < 10 9 with seven or more prime factors
• the maximum and minimum values of a n (k) for fixed k, for k < 138
• the smallest instance of k for which a n (k) = a for some n, for |a| < 248
Preliminaries
We are interested in finding cyclotomic polynomials with large coefficients. The following two identities are useful: Lemma 1. Let n > 1 be odd. Then Φ 2n (z) = Φ n (−z).
Lemma 2. Let p be a prime that divides n. Then Φ np (z) = Φ n (z p )
Lemma 1 tells us A(2n) = A(n) and S(2n) = S(n) for odd n. Lemma 2 says that A(np) = A(n) and S(np) = S(n) for p dividing n. For the remainder of the paper, we will be strictly concerned with the calculation of cyclotomic polynomials of squarefree, odd order. Lemmas 1 and 2 provide an easy means of calculating Φ n (z) for n even or squarefree, provided we can calculate Φ m (z), where m is the product of the odd prime factors of n.
2 Using the discrete Fourier transform to calculate Φ n (z)
Our first algorithm calculates Φ n (z) by a series of polynomial divisions. For primes p m,
We thus are able to calculate Φ n (z) by repeated polynomial division, as detailed in algorithm 1.
Our key optimization was to perform the polynomial division in algorithm 1 by way of the discrete Fourier transform (DFT) [6] . Algorithm 2 gives a highlevel description of the division calculation. Using the discrete Fourier transform, we can calculate
Φm(z) in O(N log(N )) arithmetic operations, where N is the smallest power of 2 greater than φ(m) · p, the degree of the numerator.
Observe that algorithm 2 requires that B i is nonzero for ω i , 0 ≤ i < N . This is not a problem for odd orders m, however, so long as our modulus q does not divide the order m. Every power of ω is a 2 k th root of unity modulo q for some k < s. For m > 1 it holds that Φ m (z) divides
Thus if q does not divide m, any root of Φ m (z) mod q is necessarily an m th root of unity not equal to 1. Given m is always odd for our purposes, the only m th root of unity that is also a 2 k th root of unity modulo q for some k is exactly 1, and so Φ m (ω i ) = 0 mod q for 0 ≤ i < N .
Implementation Details
Our implementation of the DFT modulo a 42-bit prime q requires 12N bytes of storage: 8N to store the input polynomial and the result of the DFT, and another 4N bytes in which we use for the DFT computation. We require that N is a power of two greater than φ(n/p k )p k , the degree of the numerator Φ n/p k (z p k ).
Input:
• Φ m (z)
• p, a prime not dividing n • N = 2 s , a power of 2 greater than φ(m) · p + 1, the number of coefficients of Φ m (z p ) • q, a prime of the form q = r · N + 1 • ω, a primitive N th root of unity modulo q Output: Φ mp (z) Calculate A i and B i by the DFT:
Interpolate C by the inverse discrete fast Fourier transform to get the coefficients of Φ mp (z). Algorithm 2: A brief description of polynomial division via the discrete fast Fourier transform For 32-bit primes q, N is no greater than 2 27 . For cyclotomic polynomials of larger degree, we require larger primes. Choosing unnecessarily large primes for the DFT, however, would require multiprecision arithmetic. Using 64-bit arithmetic, we are able to do multiplication modulo prime numbers as large as 42-bits (see algorithm 3); however, the multiplication is roughly four times slower than multiplying two integers. We typically use a 32-bit prime unless a 42-bit prime is necessary. Our implementation of algorithm 2 requires 20N bytes of storage: 16N bytes to store the intermediate results A i and B i for 0 ≤ i < N , and additional 4N bytes of memory for the DFT computation.
Algorithm 3: multiplication modulo a 42-bit prime
The DFT only gives us the coefficients of Φ n (z) modulo a prime q 1 . Our resulting polynomial, call it H n (z), will not equal Φ n (z) if A(n) > q1 2 . If the height of H n (z) is close to q1 2 , we calculate Φ n (z) modulo another prime q 2 . We then reconstruct H n (z) ≡ Φ n (z) mod q 1 q 2 by Chinese remaindering. We do this process with primes q 1 , q 2 . . . q l until the height of H n (z) is less than q1q2...q l 2 by a factor of 2 20 or more. We then take our solution H n (z) and use the DFT to test that
for some new prime q l+1 with N th primitive root ω. If equation (3) holds for all The brunt of the computation takes place in the last division step, as each successive division step involves polynomials of greater degree, which requires us to use larger N for the DFT. For squarefree n with largest prime divisor p, we can compute Φ n (z) in O(φ( n p )p · log( n p p)) arithmetic operations. Our implementation of algorithm 2 modulo one 42-bit prime q requires 20N bytes of storage: 8N bytes are used to store the numerator and the final result; an additional 4N bytes are used in the DFT computation.
3 Calculating Φ n (z) as a quotient of sparse polynomials
where µ is the Mőbius function. For instance, for n = 105 = 3 · 5 · 7,
The sparseness of each term in this quotient lends itself to fast polynomial arithmetic. For the purposes of our algorithm, we treat Φ n (z) as a power series.
Multiplying a power series
To divide by 1 − z d we merely multiply by the power series for
Observe that the coefficients of C(z)(1 + z d ) and C(n)(1 + z d ) − 1 depend strictly on coefficients of lesser degree in C(z). In addition, we know that the φ(n) + 1 coefficients of Φ n (z), {a n (0), a n (1), . . . a n (φ(n))}, are palindromic, that is, a n (k) = a n (φ(n) − k). So, to calculate the Φ n (z) as a power series, we only need compute the first
Output: a n (0), a n (1), · · · , a n (
has an even number of prime factors
Algorithm 4: solving Φ n (z) as a quotient of sparse power series any order in algorithm 4. We could select all the values of d correspoding to terms in the denominator first, for instance. That method, however, appears to result in some intermediate terms to become very large, typically larger than A(n). We select d in the order given by algorithm 5, using the bits of iterator i to determine which primes divisors p of n to include in our divisor d.
Algorithm 5: ordering the divisors of n 3.1 A comparison of the two algorithms.
Calculating Φ n (z) for n, a product of k distinct primes takes O(2 k φ(n) arithmetic operations and 4φ(n) bytes of memory to store the terms with 64-bit precision. We expect that our second approach is slower for n a product of many distinct small primes; however, we currently cannot calculate Φ n (z) for odd n with more than 9 distinct prime factors. Calculating Φ n (z) where n = 3 · 5 · 7 · 11 · 13 · 17 · 19 · 23 · 29 · 31, the product of the smallest ten odd primes, would require
= 122624409600 bytes (approximately 114 GB) of memory merely to store the polynomial coefficients up to 64-bit precision. In practise, the power series method is appreciably faster than the DFT approach.
Our implementation of algorithm 4 has several advantages. First, we can perform the calculations in memory; aside from a small overhead, all the memory used in the power series algorithm is to store the coefficients. The power series algorithm makes better use of the memory used to store terms. Using 64-bits of storage for one term gives us exactly 64-bit precision using algorithm 4, whereas algorithm 1 uses 64-bits to store a 42-bit terms. In addition, the arithmetic operations used in algorithm 4 are strictly additions and substractions, which take fewer CPU cycles than multiplication and division operations. In practise, algorithm 4 is approximately 30 times faster than algorithm 1.
Results

Heights and Lengths of cyclotomic polynomials
To find cyclotomic polynomials with large heights, we strictly looked at cyclotomic polynomials of squarefree, odd order. For odd n > 1 , it holds that
and so A(2n) = A(n); moreoever, for any prime p dividing some integer n,
thus A(np) = A(n). We also considered the number of prime factors of n. Bang showed that for n = pqr, a product of three primes with p < q < r, that A(n) < p. For n, a product of two primes, A(n) = 1 [1] . Bloom later proved for n = pqrs, a product of four primes with p < q < r < s, that A(n) < p(p − 1)(pq − 1) [3] . Bateman proved a more general albeit slightly weaker result [2] :
For instance, for
Using the two methods detailed in this paper, we have created a library of data on A(n) and S(n). We include here our more noteworthy results. Table  2 shows those cyclotomic polynomials we have found whose height is greater than all those of smaller order. Table 2 also shows the growth of log n A(n), which we found of interest. Our results include the first instances of n such that A(n) > n, A(n) > n 2 , A(n) > n 3 , and A(n) > n 4 . Tables 3 through 8 have large A(n) for n, a product of three distinct primes, up to n, a product of eight primes. Table 9 shows A(n) for n, a product of the s smallest odd primes, for 1 ≤ s ≤ 9. Table 10 shows A(n) for various multiples of 43037115. A(43037115) was is first instance of A(n) such that A(n) > n 2 . We expected that if order n produced a large height, that multiplying n by another prime would result in large heights as well. Table 10 supports this. Indeed, given for primes p such that p n
it holds that A(np) ≤ A(n)S(n). This follows by inspection of long division. Table 10 notably has the first n we have found for which A(n) > n 4 . We include every instance of A(n) which required double-precision (128 bit) arithmetic, for n < 2 · 10 9 , and every instance of A(n) which required tripleprecision (192 bit) arithmetic in tables. Table 11 presents cyclotomic polynomials of large length. In seems, unsurprisingly, that the cyclotomic polynomials with the greatest heights had the greatest lengths as well.
4.
2 Extreme values for the k th cyclotomic polynomial coefficient a n (k) Tables 12 and 13 give the the maximum and minimum values of the k th cyclotomic polynomial coefficient a n (k), and the smallest order n for which we obtain those extrema. Algorithm 4 tells us that a n (k) depends strictly on the divisors of n that are less than or equal to k. To find the extreme values of a n (k) for fixed k, we calculate a n (k) for all squarefree n whose prime divisors are not greater than k. It is easy to check by inspection whether a non-squarefree order will produce a larger coefficient. By lemma 2, if p divides n, then a np (k) = a n (
if p|k , and 0 otherwise. Thus to prove that some non-squarefree order n will not produce a larger coefficient a n (k), it suffices to show that for every positive
and similarly for the minimum values. To find the minimum and maximum values of a n (k) for 0 ≤ k ≤ K, where there are P primes less than or equal to K, we need to calculate the the first K + 1 terms of some 2 P cyclotomic polynomials. Tenatively we have results for K = 138. We find the k = 119 is the smallest k > 0 such that a n (k) > k for some n, as min n a n (119) = −136 .  Tables 14 and 15 show, for −248 ≤ a ≤ 248, the smallest k such that a n (k) = a, and for that a and k, the smallest order n. We extend results from [4] and [7] .
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